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Abstract: Let G = (V,E) be a graph. A binary vertex labeling f: V(G) — {0,1} of a graph G with induced
edge labeling f*: E(G) — {0,1} defined by f*(e=uv) = f(u)f(v) is said to be product cordial if
|vf(0) — vf(1)| <1 and |ef(0) — ef(1)| <1 where v¢(i) and ef(i) represents the number of vertices
and edges labeled i for i = 0,1. A graph G is product cordial if it admits a product cordial labeling. In this
paper, we analyse some special and product graphs for the existence of product cordial labeling.
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I INTRODUCTION

Let G = (V(G),E(G)) be a finite, undirected
simple graph. A graph labeling [3] is an assignment
of values to the vertices of the graph satisfying
certain conditions. A binary vertex labeling of G is
simply a function f: V(G) - {0,1}. Here, f(v) is said
to be the label of v. Let the induced edge labeling
f*: E(G) - {0,1} be defined by
fXe=uv) = |f(w) = f(v)|. Let v:(i) and er(i)be
the number of vertices and edges labeled i for i = 0,1.
A binary vertex labeling is called a cordial labeling
of G if lv:(0) — v (D] =1 and
lef(0)— e;(1)| < 1.A graph G is cordial if it admits
a cordial labeling. The concept of cordial labeling
was introducted by I.Cahit[2]. A binary. vertex
labeling of a graph G with induced edge labeling f*:
E(G) —{0,1} defined by f*(e=uv) = f(u)f(v) is called
a product cordial labeling if |v(0) — v;(1)| <1
and |e;(0) — es(1)| < 1 where v (i) and e (i) are as
earlier. A graph G is product cordial if it admits a
product cordial labeling[6].Ladder graph La[7] is a
planar undirected graph with 2n vertices and 3n—2
edges which is actually the Cartesian product of P,
and P,. Ladder rung graph LRq[7] is the graph
union of n copies of PyLet Gi = (Vi,E1) and
G2 = (V2,E2) be two graphs. The middle graph
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M(G) [5]of a graph G is the graph whose vertex set is
V(G)UE(G) and in which two vertices are adjacent if
and only if either they are adjacent edges of G or one
is vertex of G and the other is an edge incident with
it. The cartesian product[1] of G; and G, denoted by
GixG; has V = VixV,; as its vertex set
E:{(ul' v1), Uz, v,) /Uy = upand v, v, € Ez}. The
or v, =vyanduyu, € E;

weak (or kronecker) product[4] of G: and G
denoted by G1®G; has V=V1xV; as its vertex set and
E={{(u1,v1),(u2,v2) }(u1,u2)€E1 and (v1,v2)EE,} as its
edge set. In this paper, we analyse some special and
product graphs for the existence of product cordial
labeling.

1.1 Theorem:[6] P, is product cordial.

I PRODUCT CORDIAL LABELING OF SOME
SPECIAL GRAPHS

2.1 Theorem: LRy is product cordial.

Proof: LRy,= nP;

Let V(LRy) = {u;,vi/ i = 1,..,n}where u;,v; are the end
vertices of i" copy of P,.

Now, label n vertices with 0 and n vertices with 1 as
in figure 2.1

Therefore, v, (0) = v(1) =n.

Thus, |v(0) — v, ()| =0<1 - (1)
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Figure 2.1

Case i) nis odd
Here, f: V(LR:,) — {0,1}isdefined by

0o if1sisl[t ;
1 if E]+1Si§nan
0o ifisisl|f

f(u) =

f(vi) =
1 if EJ+1SL’Sn

Correspondingly, the edges of EJ copies of P get the

label 1 and the edges of E]copies of P2 get the label
0.
Therefore, e/(0) = E] and e;(1) = EJ .

Thus,le; (0) — e, ()] = [3] =[5} =1 > @
By (1) and (2), LRy is product cordial.
Case ii) nis even
Here, f: V(LR,) = {0,1} is defined by

0 ifl<i<n/2)
) = (v = {1 if (3)+1<i<n
Correspondingly, the edges of (n/2) copies of P get
the label 0 and the edges of (n/2) copies of P2 get the
label 1.
Therefore, e£(0) = es(1) = (n/2).
Thus,|e;(0) — e(1)| = e;(0)~ef (1) =0<1- (3)
By (1) and (3), LRn is product cordial.
2.2 Theorem: L, is product cordial iff n=1.
Proof: L, has 2n vertices. Let V(L) =
{u1,Uz,...,un,V1,V2,...,vn} With ujVvi representing the
corresponding columnelements.
Now, label n vertices with 0 and n vertices with 1 as
in figure 2.2
Therefore, v;(0) = vs(1) = n. Thus, |v(0) -
v(D|=0<1 > (1)
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Figure 2.2
Case i) nisodd
Whenn=1, L,= P,.
By 1.1, Ln(n=1) is product cordial.
Letn=2k+1,k=1,23,...
Let f be a vertex labeling satisfying (1).
Equation (2) defines one such f which gives
maximum value for es(1)

{o if1<i<[f
f(ui)= and
1if [fl+1<i<n

0o ifisisl|y
f(vi) = - (2)
1if [ +1<i<n
Therefore, e(1) < n + k-2 and soe(0) =
(3n—2) — (n+ k—2) =2n - k.
Thus, |ef(0) — e (1)| = e(0)~es(1)

>|2n- k- (n+k—2)|

= |n-2k+ 2|

=|2k+1-2k +2]|=3.
Therefore, |e;(0) — e;(1)] % 1.
Since f assigns maximum value for ef(1), there is no
other function which is a product cordial labeling of
Lnwhen n is odd.
Case ii) nis even
Letn=2k, k=1,23,...
Let f be a vertex labeling satisfying (1).
Equation (3) defines one such f which gives
maximum value for ef(1)
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0 ifl<i<m/2)
f(u.)—f(v.)—{1 if ( )+1<l<n—> 3)
Therefore, e(1) < n+k—2 and so e;(0) = (3n—2)
—-(n+k=2)=2n-k.
Thu3,|ef(0) - ef(1)| = ef(0)~er(1)

>|2n-k -(n+k—2)|

= |n-2k+ 2|

=2k -2k +2| = 2.
Therefore, |e;(0) — e;(1)| « 1.
Hence, as in case (i), there is no other function which
is a product cordial labeling of L, when n is even.
By cases (i) & (ii), Ln is product cordial iff n = 1.
2.3 Theorem: M(Cy)is not product cordial.
Proof:M(Cy) has 2n vertices.
Let V(M(Cy))={vi,ui/ i=1,...,n} where V(Cy) = { vi/
i=1,...,n} and E(Cy) ={ ui/i=1,...,n}
Correspondingly,E(M(Cy))={uiui+1/i=1,...,n-1}

U{unuFudviui,vitis/i=1,...,n-13FU{VnUn,Vaus }

The following figure 2.3 represents M(C,) for general

wL

Figure 2.3
Now, label n vertices with 0 and n vertices with 1, so
that [v;(0) — (M| < 1- (1)
Case i) nis odd
Letn=2k+1,k=1,23,...
Equation (2) defines a vertex labeling f satisfying (1)
& gives maximum value fores(1).

(1 if1<i< [n/2]
f(“i)‘{o if /2l +1<i<n
(1 ifl<is< |n/2|
f(v‘)'{o if n/2+1<isn @

Therefore, e(1) < n + k — Tand so

e,(0)=2@Bn)—(n+k—-1)=2n—k+1.

Thus,

|ef(0)—ef(1)| >2n—k+1-(n+k-1)
=n—-2k+2=2k+1-2k+2
=3

Therefore, |e;(0) — e;(1)| £ 1.

Since f assigns maximum value for ef(1), there is no

other function which is a product cordial labeling of

M(Cn)when n is odd.

Case ii) nis even

Letn=2k, k=2,3,...

Equation (3) defines a vertex labeling f satisfying (1)

&gives maximum value for ef(1).
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0 if1<is<()
. n .
1 if (5)+1£L£n
Therefore, e(1) < n+ k — 2 and so
ef(0)>@Bn)—(n+k—-2)=2n—k+2.
Thus,
lef(0) —e;(D|=2n—k+2—-(n+k—2)
=n+4-2k
=2k+4-2k=4
Therefore, |ef(0) — e;(1)] % 1.
Hence, as in case (i), there is no other function which

is a product cordial labeling of M(C)when n is even.
By cases (i) & (ii),M(Cy) is not product cordial.

11 PRODUCT CORDIAL LABELING OF
CARTESIAN PRODUCT GRAPHS

We restate the definition of Cartesian Product[4]
as follows: Let G; = (U,E) ~and G2= (V,E’) be two
graphs. Let U = {ug,Uy,...,un} and V = {vi,V3,...,vm}.
The Cartesian product of G; and G; is the graph
G1X G2 with vertex set W = UXV and edge set E” =
{{(ui,vj),(uk,vs)Hui = ux and vjis adjacent to vs or vj =
vs and ui is adjacent to ux}.

3.1 Theorem: P2>x Py is product cordial iff n=1.
Proof:P,x Py has 2n vertices.

P2x P, looks as in figure 3.1

Let V(P2x Ppn) = {ug,Uz,...,unV1,Va,...,vn} With u;,Vvi
representing 1%tand 2" row elements respectively.

fu) = f(vi) = - (3
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Figure 3.1

Now, label n vertices with 0 and n vertices with 1, so
that |v(0) — vp(1)| =0 <1 - (1)
Case i) nis odd
When n=1, P2X Py= P;
By 1.1, Pox Py is product cordial
Letn=2k+1, k=1,2,3,...
Equation (2) defines a vertex labeling f satisfying (1)
& gives maximum value for e;(1).
f(w) _{ 0 if1<i< [n/2]

Y7L 1 if n/21+1<i<n
i) = {0 if1<i<|n/2]

Y"1 if In/2l+1<i<n
Therefore, (1) < n+ k — 2 and so

e(0)=2Bn—-2)-(n+k—-2)
=3n—-n—2—-k+2=2n-k.

and

- ()
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Thus,

|ef(0) — ef(1)| >2n—k—(+k-2)

=2k+1-2k+2=3

Therefore, |e;(0) — e;(1)] % 1.
Since f assigns maximum value for ef(1), there is no
other function which is a product cordial labeling of
P2x Pawhen n is odd.
Case i) nis even
Letn=2k, k=1,2,3,...
Equation (3) defines a vertex labeling f satisfying (1)
& gives maximum value for es(1).

0 if1<i<(@)

if 3)+1<i<n

Therefore, e(1) < n+k —2 andso

e,(0)=2@Bn—-2)—(n+k—-2)
=3n—n—-2-k+2=2n—-k.

Thus, |ef(0)—ef(1)| >2n—k—-(n+k-2)=

2k — 2k +2 = 2.

Therefore, |e;(0) — e;(1)| % 1.

Hence, as in case (i), there is no other function which

is a product cordial labeling of P2x Ps,when n is even.

By cases (i) & (ii), P2x Py is product cordial iff n =1.

3.2 Theorem: Psx Py is product cordial iff n=1.

Proof:Psx P, has 3n vertices.

Psx Py looks as in figure 3.2

Let V(Psx Pp)={u,Ua,...,unVi;Va,...,VvnW1,Wo,...,Wn}

with u;,viw; representing the 1%, 2" 3"row elements

respectively.

f(ui) = f(vi) = - (3)

W Wy Tl VB e W

n is odd

nis even
Figure 3.2

Casei)nisodd
When n=1, P3x P,= Ps
By 1.1, Psx Py is product cordial
Letn=2k+1,k=1,23,...
Now, label [3n/2] vertices with 0 and |3n/
2|vertices with 1, S0 that
|vf(0) — vf(1)| =1-(1)
Equation (2) defines a vertex labeling f satisfying
(1)& gives maximum value for ef(1).

(0 if1<i< [n/2]
f(“')‘{ 1 if nj2l+1<i<n

_ (0 if1<i<|n/2]
fvi) =H(wi) = {1 if In/2]+1<i<n - @
Therefore, ef(1) < 2n+k—2and er(0) =
Gn-3)—-2n+k—-2)=3n—k-1.
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Thus,|ef(0) —e;(1)| =3n—k—1—(2n+k +2)
=n—2k+1=2k+1-2k+1=2

Therefore, |ef(0) — e;(1)] % 1.

Since f assigns maximum value for ef(1), there is no

other function which is a product cordial labeling of

Psx Pnawhen n is odd.

Case ii) nis even

Letn=2k, k=1,2,3,...

Now, label 3n/2 vertices with 0 and 3n/2 vertices

with 1, o) that

lvs(0) — v (D] =0<1-(3)

Equation (4) defines a vertex labeling f satisfying (1)

& gives maximum value for e;(1).

0 if1<is<(@)
1 if ()+1si<n
Therefore, e(1) < n+ 3k — 3 and so
er(0) = (Bn—3)—(n+3k-3)

=5n—nm—-3-3k+3=4n-3k
Thus, |e;(0) — e;(1)| = 4n — 3k — (n + 3k — 3)
=3n—3—6k=32k)—-3—-6k=3.
Therefore, |e;(0) — e;(1)| < 1.
Hence, as in case (i), there is no other function which
is aproduct cordial labeling of Psx Pswhen n is
even.
By cases (i) & (ii),P3x Py is product cordial iff n =1.
3.3Theorem: Csx C, is not product cordial.
Proof:Csx C, has 3n vertices.
Csx Cy looks as in figure 3.3
Let
V(C3xCn)={u1,Uz,...,un,V1,Va,...,Vn W1,Wo,...,Wn}With
ui,vi,wi representing the 1,2 and 3 row elements
respectively.

f(ui) = f(vi) = f(wi) = - (4)

N

i 11

!
i
Win/2 Wi r91a1 W

nis odd

nis even

Figure 3.3
Case i) nisodd
Letn=2k+1,k=1,2,3,...
Now, label [3n/2] vertices with 0 and
[3n/2]vertices with 1, S0 that
|vf(0) - vf(1)| =1
Equation (2) defines a vertex labeling f satisfying (1)
&gives maximum value for ef(1).
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Fu) :{ 0 if1<i< [n/2]

: 1 if [n/2]1+1<i<n
_ _ (0 if1<i<|n/2]

fvi) = fwi) = {1 if Inj2l+1<i<n

Therefore, ef(1) < 2n+k — 2 and ef(0) = (5n) —

@n+k—-2)=3n—k+2.

Thus, |ef(0) —e;(1)| =3n—k+2—- (2n+k—2)
=n—2k+4
=2k+1-2k+4=5

Therefore, |e;(0) — e;(1)] % 1.

Since f assigns maximum value for ef(1), there is no

other function which is a product cordial labeling of

Csx Cpwhen n is odd.

Case i) nis even

Letn=2k, k=2,3,...

Now, label 3n/2 vertices with 0 and 3n/2 vertices

with 1, o) that

|vf(0) - vf(1)| =0<1.

Equation (4) defines a vertex labeling f satisfying (3)

& gives maximum value for e, (1).

0 if1<i<(@)

if (3)+1<i<n

Therefore, e(1) < n+ 3k — 3 and so

er(0) = (5n) —(n+3k—3) =4n—3k + 3.

Thus,

lef(0) — e(1)| = 4n — 3k + 3(n + 3k — 3)
=3n+6—6k =3(2k) +6 — 6k
= 6.

Therefore, |e;(0) — ex(1)| % 1

Hence, as in case (i), there is no other function which

is a product cordial labeling of C3x Cawhen n'is

even.

By cases (i) &(ii),Csx Cy is not product cordial.

111 PRODUCT CORDIAL LABELING OF
WEAK PRODUCT GRAPHS

We restate the definition of Weak(or Kronecker)
Product[4]as follows: Let G = (U,E) and G, =
(V,E’) be two graphs. Let U = {uy,U,...,un} and V =
{v1,V2,...,vm}. The weak product of Gi and G is the
graph Gi1®G: with vertex set W = UxV and edge set
E” = {{(u,vj),(ux,Vs)}u; is adjacent to ux and v;j is
adjacent to vs}.
4.1 Theoem: P,®P,, is product cordial.
Proof: P,®Py has 2n vertices.
Let V(P2) = {u,v} and V(P) = {w1,wWa,...wn}. Then,
V(P20OPy) = {(uw),(v,wi)/ i =1,2,...,n}. Now, name
the vertices (u,wi) as u; and (v,w;) as v; as in figure
4.1
Therefore, V(P.OPy) = {u;,vi/ i =1,2,..,n}
Here, f: V(P2OP,) = {0,1} is defined by

_ (0 if i isodd _ (0 if i iseven
flu) = {1 ifi iseven ' f(vi) = {1 if i isodd

and

f(ui) = f(vi) =f(wi) = = (4)
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Figure 4.1

From figure 4.1, P,©P, is the union of two disjoint
paths of length n.ie, P2OP, = PaU Py,

Now, label n vertices of P, with 0 and label n vertices
of Py’ with 1, so that

|vf(0) — vf(1)| =0<1-> (2

Correspondingly, ef(0) =es(1) =n-—1.

Therefore, |e;(0) —ef(1)| =0<1-> (2)

By (1) and (2), P2®P; is product cordial.

4.2 Theorem: Ps©P, is product cordial.

Proof: Ps®P, has 3n vertices.

Ps®Pn looks as in figure 4.2

Let V(Ps@Pn) = {u1,Uz,...,Un,V1,V2,...,Vn,W1,W2__Wn}
with ui,vi,wi representing the 15¢",2" and 3" row
elements respectively.

| W u M {is Uy

il s oo ] ]

Oanop-gn Q00060

N X YO
QRO R A Bt g DY
CNA B i “",“. |"f\u u“,J )
O0w OO @y o 0
WioWmoW W Wl W Woow oW oW W W
niseven n is odd
Figure 4.2
Here, f: V(Ps®P,) — {0,1}is defined by
_(0 if iisodd \_(0 if i iseven
f(“')‘{1 if i iseven f("')‘{ 1 ifi isodd
_ (0 if i isodd
and f(W')_{l if i iseven

Case i) nis odd
Now,vs(0) = [3?"] and vp(1) = lﬂ so that

v (0) —v, (D=1 - (1)
Correspondingly, all the edges incident with u;, w; for
i=24,...,n-1 get the label 1.
From figure 4.2, it is clear that two edges are incident
with u;,wi for i=24,....n—1.
Therefore, e;(1) = 2{(2+2+_..n7_1times)}

= 2{2(59)} = 2(n-1) = 2n— 2.
Further, e;(0) = g — ef(1) = (4n—4) — (2n—-2)

=2n—2.

Thus, |e;(0) —e;(1)| =0<1- (2)
By (1) and (2), Ps®P; is product cordial.

3n
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Case ii)n is even
Now, v£(0) = 3n/2 and v,(1) = 3n/2 so that|v;(0) —
v(D|=0<1 - (3
Correspondingly, all the edges incident with u;, w; for
i=24,...,n get the label 1.
From figure 4.2, it is clear that two edges are incident
with ui,w; for 1= 2,4,...,n—2 and exactly one edge
with u, and w, and these edges are all independent.
Therefore, e;(1) = 2{(2+2+...n7_2times) +1}
=2{2(5) + 1} =2(n-2) + 2
=2n—-2.
Further, e;(0) = q — ef(1) = (4n—4) — (2n-2)
=2n—-2.
Thus, |ef(0) —es(1)| =0< 1> (4)
By (3) and (4), Ps®P; is product cordial.
4.3 Theorem: P4s®P, is product cordial.
Proof: P4®P, has 4n vertices.
P4©®P; looks as in figure 4.3
Let V(P4®OPn) = {u,Ua,...,unV1,Va,...,Vn,W1,W2,_ Wn
21,22, Zn}With ui,vi,w;z; representing the 1%t 2, 31
and 4" row elements respectively.
Here, f: V(P4®P,) — {0.1} is defined by
_ (0 if i isodd
flu) = {1 if i iseven
_ (0 if i iseven
f(vi) ‘{ 1 ifi isodd
0 if i isodd
1 ifi iseven
_ (0 ifi is even
i) ‘{ 1if i isodd
For any n, we can_label 2n vertices with 0 and 2n
vertices with 1, so that
lv:(0) — v, =0<1 - (1)

ul uz us u4 Un-1 Un

and

flw) = {

nisodd
Figure 4.3
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Case i) nisodd
Correspondingly, the edges incident with uj, w; for
i=24,...,n-1 get the label 1.
From figure 4.3, it is clear that two edges are incident
with u; for i=2,4,...,n-1 and four edges
incident with w; for i = 2,4,...,n-1. Further, these
edges are all distinct.
Therefore,
ep(1) = {(2+2+..times) + (4+4+... " “times)}
=2(59) +4(5) = (n-1) + 2(n-1)
=3n-3.
Further, e;(0) =g — ef(1)
= (6n-6) — (3n-3) = 3n— 3.
Hence, |ef(0) —es(1)| = 0<1 - (2)
By (1) and (2), P4®Pj is product cordial.
Case ii) nis even
Correspondingly, all the edges incident with u;, w; for
i=2,4,...,n get the label 1.
From figure 4.3, it is clear that two edges are incident
with uj for i=24,...,n-2.
Four edges incident with wifor i = 2,4,...,n-2 and two
edges incident with w, and one edge is incident with
un.Further, these edges are all distinct.
Therefore,
ef(l):(2+2+..."T_Ztimes)+(4+4+..."T_Ztimes) +2+1
=259 +4(2) +3 = (n-2) + 2(n-2) = 30— 3,
Further, e;(0) = g — ef(1) = (6n-6) — (3n-3) = 3n—3.
Hence, |e;(0) — e;(1)| =0 <1 - (3)
By (1) and (3), P4®P; is product cordial.
4.4 Theorem: Cs(®C, is not product cordial for n >
3.
Proof: Let V(Cs) ={a1,a2,as} & V(Cy) ={b1,bz,.....bn}
Then, V(CsOCn)={(a1,bj),(a2,bj),(as,bj)/4=1,...,n}
Label the vertices (ai,b;j),(az,b;) and (as,b;) with
u;,vj,wj for j=1,...,n respectively.
Therefore, V(Cs©Crn)={ui,vi,wi/i=1,..,n}.
Correspondingly,
E(CsOCh)={uiVi+1,Uiwi1/i=1,...,n-13U{uUnV1,UnW1 }
U{uivi.g,Uiwi1/i=2,...,n} U{U1Vn,U1Wn }
U{ViWir1 WiVisa/i=1,. .. ,n-1U{V1Wq, VoW1 }.
Here, [V(C;0C,)| = 3nand |E(C;OC,)| = 6n.

Figure 4.4. CsOC,
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Definef:V(C:©C,)—{0,1}is
(0 if i isodd

by f(ui)_{l if i iseven and

_ _ (0 if i iseven
fvi) = f(wi) = { 1 if i isodd = (D
Case i) n (= 3)is odd
Now, label [3n/2] wvertices with 1 and
[3n/2]vertices with 0, SO that
|vf(0) — vf(1)| =1—> (2
Equation (1) defines a function f satisfying (1)&gives
maximum value for ef(1).
By the above labeling, uz,Us,...,un1 get the label 1.
Corresponding to each of these ui’s4 edges get the
label 1 and are distinct.
Also, the vertices v1,v3,Vs,...,va& Wi1,W3,Ws,...,wn get
the label 1. Corresponding to these vertices there are
exactly twoedges vaw1& viw, get label 1.
All other edges get the label 0.
Therefore,es(1) < ¥";=; 4+ 2 where the

i=even

summation runs over for even i.

=2 x4+2=2n

:(nT_l><4)+2:2n—2+2=2n.
Therefore, e;(0) = (6n) — (2n) = 4n.
Thus, |ef(0) - ef(1)| > |[4n — 2n| = 2n> 1.
Therefore, |e;(0) — e, ()| £ 1.
Since f assigns maximum value for ef(1), there is no
other function which is a product cordial labeling of
C3s®Cnwhen n is odd.
Case ii) n (= 4)is even
Now, label 3n/2 vertices with 0 and 3n/2 vertices
with 1, o) that
v () —v,(D]=0<1— (3)
Equation (1) defines a function f satisfying (1)
&gives maximum value for ef(1).
By the above labeling, ugz,Us,...,un get the label 1.
Corresponding to each of these ui’s4 edges get the
label 1 and are distinct.
Also, the vertices vi,v3,Vs,...,Vni1& W1,W3,Ws, ..., Wn-1
get the label 1. Corresponding to these vertices there
are no edges VaW1& V1w, get label 1. All other edges
get the label 0.
Therefore, ef(1) < X"y 4

L=even

=() x4=2n
Therefore, es(0) = (6n) — (2n) = 4n.
Thus, |ef(0) — e;(1)| = |[4n — 2n| = 2n> 1.
Therefore, |e;(0) — e;(1)] £ 1.
Hence, as in case (i), there is no other function which
is a product cordial labeling of Cs® C,whenn is
even.
By cases (i) &(ii),Cs© C, is not product cordial.
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